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Abstract: This paper concerns the three-dimensional multiplicative stochastic fractional Navier-
Stokes equation. Using Fourier localization technique, we establish the local existence and unique-
ness of the solutions in the critical Fourier-Besov space Ḃ
4−2α− 3
p
p,r . Moreover, when the initial date
is sufficiently small, we obtain the global existence of the solutions in probability.
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1 Introduction
In this paper, we consider the three-dimensional stochastic incompressible fractional Navier-Stokes
equation: 






where u = (u1, u2, u3) ∈ R3 denotes the velocity of the fluid, π is the pressure and the fractional
Laplace operator (−∆)α is the Fourier multiplier with symbol |ξ|2α. Moreover, {Bk, k ≥ 1} are a
collection of one-dimensional independent Brownian motions which are defined in the completed
filtered probability space (Ω,F ,Ft,P) (see, [8]). When α = 1, the equation (1.1) becomes the well-
known stochastic Navier-Stokes equations (SNS in short). The SNS has been intensively studied
because it can simulate fluid flow. Especially, Holz and Ziane [7] obtained the local well-posedness
of the strong solution for the multiplicative SNS in bounded domains when the initial data are in
H1. Sritharan and Sundar [12] established Wentzell-Freidlin type large deviation principle for the
two-dimensional SNS with multiplicative Gaussian noise. Caraballo et al. [2] proved that the weak
solutions for the two-dimensional SNS converge exponentially in the mean square and almost surely
exponentially to the stationary solutions. Xu and Zhang [17] discussed the small time asymptotics
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of two-dimensional SNS in the state space C([0, T ], H). Recently, the study of well-posedness
for the SNS in Besov spaces has attracted the interest of many scholars. In particular. Du and





p,r . Chang and Yang [3] studied the initial-boundary value problem of the SNS in the half space.
If g := {gk, k ≥ 1} ≡ 0, the system (1.1) reduces to incompressible fractional Navier–Stokes
equations (FNS in short). It is invariant under a certain change of spatial and temporal scales:
uλ(t, x) = λ
2α−1u(λ2αt, λx), πλ(t, x) = λ
4α−2π(λx, λ2αt).
This scaling invariant property naturally leads to the definition of critical space for equation (1.1).
Recall that a functional space X is critical for equation (1.1) if it satisfies ∥φλ∥X = ∥φ∥X , where
φλ(x) = λ
2α−1φ(x). So for, The well-posedness for FNS has been studied by many scholars in




p,r . Wang and Wu [14] proved the global well-posedness of mild solution and Gevrey class
regularity for FNS in Lei-Lin space χ1−2α. Ru and Abidin [11] discussed the global well-posedness
for FNS in variable exponent Fourier-Besov spaces Ḃ
4−2α− 3
p(·)
p(·),r . For more literatures, we refer to [4,9]
and references therein.
Motivated by the above literatures, the purpose of this paper is to study the well-posedness of
equation (1.1) in critical Fourier-Besov space Ḃ
4−2α− 3
p
p,r . Firstly, we establish the local well-posedness
for equation (1.1) in the space Ḃ
4−2α− 3
p
p,r . Secondly, for sufficiently small initial date, we show that
the solution is global in probability. Our results can be considered as extension of [11, 15].
The rest of the paper is planned as follows. In section 2, we briefly recall some harmonic analysis
tools including Littlewood-Paley theory and the definition of Fourier-Besov space. In section 3,
we state and prove the main results of the paper.
2 Preliminaries
In this section, we recall homogeneous Littlewood-Paley decomposition and the definition of
Fourier-Besov space, we refer the reader to the nice book [1].
Let S(Rd), d ≥ 1 be the set of Schwarz rapidly decreasing functions and S ′(Rd) be the space
of tempered distributions. For any f ∈ S(Rd), the Fourier transform and the inverse Fourier
transform of f are respectively defined by














Furthermore, for any ϕ ∈ S ′(Rd), we define its Fourier transform and inverse Fourier transform as






≤ |ξ| ≤ 8
3
}
, then there exists a nonnegative radial function φ ∈ D(C), such that∑
j∈Z
φj(ξ) = 1, ∀ ξ ∈ Rd\{0},
where φj(ξ) = φ(2
−jξ). We define the homogeneous dyadic blocks as
∆̇ju := φ̌j ∗ u, j ∈ Z.





Now, we can define the homogeneous Fourier-Besov space.
Definition 2.1 Let 1 ≤ p, r ≤ ∞, s ∈ R, we set
Ḃsp,r =
{
u ∈ S ′h(Rd) : ∥u∥Ḃsp,r :=
{
2js∥̂̇∆ju∥Lpξ}lr < ∞}.
Taking the time variables and random variables into account, we also need the following definitions
of Chemin-Lerner-type space.


































We list here some of the properties that will be used later. Let u, v ∈ S ′h(Rd), then
• |k − j| ≥ 2 ⇒ ∆̇k∆̇ju = 0;
• |k − j| ≥ 5 ⇒ ∆̇j(Ṡk−1u∆̇kv) = 0.
• For 1 ≤ p, r ≤ ∞, s < 0, there holds that u ∈ Ḃsp,r if and only if {2js∥
̂̇Sju∥Lξp}lrj < +∞.
Finally, we introduce the homogeneous Bony decomposition. Let u, v ∈ S ′h(Rd), then the
homogeneous Bony decomposition of uv is defined by
uv = Ṫuv + Ṫvu+ Ṙ(u, v),


















with ˜̇∆k := ∆̇k−1 + ∆̇k + ∆̇k+1.
3 Main results
Acting the Leray-Hopf operator P := I +∇(−∆)−1div on equation (1.1), we have{





Following [6], we introduce the definition of local and global strong solution for equation (1.1).




(1) (u, τR) is called a local strong solution for the equation (1.1) if the following conditions hold:
(i) u is progressively measurable process and for any 0 < T < ∞,
u ∈ LrωL∞T Ḃ
4−2α− 3
p













where R is a positive constant.
(ii) For almost all ω ∈ Ω, u(t, x) ∈ C([0, τR(ω)); Ḃ
4−2α− 3
p
p,r ), and the following equality









P-a.s. holds in S ′(Rd).
(2) We call the local strong solution is unique, if (ũ, τ̃R) is anther strong solution, then
P({ω ∈ Ω : u = ũ, ∀ 0 ≤ t ≤ τR ∧ τ̃R}) = 1.
Definition 3.2 Let 2 ≤ p, r ≤ ∞ and u0 ∈ Ḃ
4−2α− 3
p
p,r be F0-measurable. We call u is a global
strong solution for equation (1.1), if it satisfies the following conditions:
(1) u is progressively measurable process and for any 0 < T < ∞, we have
u ∈ LrωL∞T Ḃ
4−2α− 3
p




(2) For almost all ω ∈ Ω, u(t, x) ∈ C([0,∞); Ḃ
4−2α− 3
p
p,r ), and for all 0 < t < ∞, the following
equality









P-a.s. holds in S ′(Rd).
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The main results of the paper are
Theorem 3.1 Let 2 ≤ p, r ≤ ∞ and u0 ∈ Ḃ
4−2α− 3
p
p,r be F0-measurable. Assume that g(t, u) :
[0, T ]× (L2TLrωḂ
4−2α− 3
p
p,r ∩ LrωL2T Ḃ
4−α− 3
p






























where L1, L2 > 0 and L2 is small enough. Then there exists a constant R > 0 and corresponding
unique local solution (u, τR) to the equation (1.1), such that
P(τR > 0) = 1.





















P(τR = ∞) ≥ 1− ε.
In order to prove the main results, we need some lemmas.
Lemma 3.1 ( [13]) Assume 0 < T ≤ ∞, 1
2
< α ≤ 1, 1 ≤ p, q, ρ ≤ ∞, s ∈ R. Let u be the solution
of {
∂tu+ (−∆)αu = f(t, x), (t, x) ∈ [0, T )× R3,
u(0) = u0,






















holds for some positive constant C.
Lemma 3.2 Let 0 < T ≤ ∞, 1
2
< α ≤ 1, 2 ≤ p < ∞, 2 ≤ q ≤ r < ∞ and s ∈ R. Then the






has a unique solution u ∈ Lr(Ω;LqT Ḃsp,r ∩ CT Ḃ
s− 2α
q
p,r ), where g := {gk, k ≥ 1} ∈ LqTLrωḂs−αp,r is








≤ C∥g∥LqTLrωḂs−αp,r . (3.7)
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Therefore, by using Minkowski’s inequality, Young’s inequality and [6, Lemma 2.5],






























































∥∥∥2j(s+ 2αq )∥φj(ξ)û(t, ξ)∥LrωLqTLpξ∥∥∥lrj
≤ C







Let p′ be the conjugate number of p, then for any β ∈ (0, 1
2
), we have






















































































Substituting this estimate into (3.8), we obtain





















































































holds by using factorization formula (3.9) again (see, for example, [5]). We thus complete the
proof. □
Lemma 3.3 Let 1 < p, ρ, q ≤ ∞, 1
2
< α ≤ 1 satisfy 2
ρ




























Proof. According to Bony’s decomposition, we have















=: I1 + I2 + I3.
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where we have used the fact that Ḃs1p1,q ↪→ Ḃ
s2
p2,q
, p2 ≤ p1, s1 + dp1 = s2 +
d
p2













































































































































































The proof is completed. □
Let 0 < R ≤ 1, which will be determined later. We introduce a continuous decreasing function
ϑ : [0,∞) → [0, 1] defined by
ϑ(x) = {0 ∨ (2−R−1x)} ∧ 1.
We consider the following modified system of equation (1.1){













Proposition 3.1 Under the assumptions of Theorem 3.1. The equation (3.11) has a global strong
solution.
Proof. Equation (3.11) can be rewrite as
u(t) = e−t(−∆)
α
u0 + S(χuu⊗ u) +K(t, u),
where S and K are respectively the solution to the fractional heat equation{
∂tS(A) + (−∆)αS(A) = −PdivA,
S(A)|t=0 = 0,
and stochastic fractional heat equation{
dK(t, u) + (−∆)αK(t, u)dt =
∑
k≥1 gkdWk(t),




u0 + S(χuu⊗ u) +K(t, u).
Let






















∥∥2j(4−2α− 3p+ 2αq1 )∥φje−t|ξ|2αû0∥Lq1T Lpξ∥∥Lrωlrj
≤














Using Lemma 3.1 and Lemma 3.3,





















For the stochastic term, by Lemma 3.2, we get




















































Next, we estimate the term Ψ(u)−Ψ(v) and we have
Ψ(u)−Ψ(v) = S(χuu⊗ u− χvv ⊗ v) + [K(t, u)−K(t, v)]
=: II1 + II2.
In order to estimate II1. Firstly, similar to [3], one gets that






We now divide II1 into three cases:
(1) If χu > 0, χv > 0, then
|χuu⊗ u− χvv ⊗ v| ≤|(χu − χv)u⊗ u|+ |χv(u− v)⊗ u|
+ |χvv ⊗ (u− v)|.
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Furthermore, by Lemma 3.3 and (3.16), we have




≤ |χu − χv|L∞T ∥u⊗ u∥L1T Ḃ
5−2α− 3p
p,r






































(2) if χu > 0, χv = 0, then
|χuu⊗ u− χvv ⊗ v| ≤|(χu − χv)u⊗ u|,
Therefore,









(3) if χu = 0, χv > 0, then by the similar way,









Combing all the above estimates, we obtain









To estimate the term II2, we observe that Lemma 3.3 implies





























∥Ψ(u)−Ψ(v)∥XT ≤ C2(R + L1T
1







R = min{1, (8min{C1, C2})−1}, (3.19)
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then the mapping Ψ is a contracting mapping on XT̃ ,M . Therefore the equation (3.11) has a unique
strong solution u on the interval [0, T̃ ] by Banach’s fixed point theorem. Repeating this procedure,
we obtain a global strong solution u for the equation (3.11). □
Proof of Theorem 3.1. Let u be the solution for the equation (3.11). Define the stopping time
τR(ω) = inf
{






with the convention inf ∅ = ∞. Then for almost all ω ∈ Ω, it holds that




If τR(ω) < +∞, we set u(t) = 0, ∀ t ≥ τR(ω). Then (u, τR) is the unique local strong solution to







































































































































































































































































































































= 1. The proof is completed.
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Using Fatou’s lemma, we get





















That is to say,

















It follows that for any ε > 0, choosing γ = εR
2C1
, we obtain
P(τR = ∞) ≥ 1− ε.
We complete the proof of Theorem 3.2.
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